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Tree Decomposition:
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Tree Decompositions & Treewidth

G = (V,E)

Tree Decomposition:
~or each vertex v, there is a

Dag containing v

-or each edge uwv, there is a
pag containing u and v

-or each v, bags containing v
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Treewidth =~ how “tree-like" is GG

Treewidth of G: Smallest width of tree decomposition
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Single—Crossing Graph as a Minor
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____ Abstract

The rectilinear crossing number of

@ is the minimum mumber of crossings in straight-line drawing
of G. A single-crossing graph is & graph whose crossing pumber is at most
n-vertex graph G that excludes a single-crossing graph as a minor has rectilinear crossing number
O(An), where A is the maximum degree of G. This dependence on 7 and A is best possible. The
result applies, for example, to Ks-minor-free graphs, and bounc

led treewidth graphs. Prior to our
work, the only bounded degree minor-closed families known 10 have linear rectilinear crossing number

were bounded degree graphs of bounded treewidth as well as bounded degree K ;v,,:;-xninor-free graphs.
in the case of bounded treewidth graphs, our O(An) result is again tight and it improves on the
previous best known bound of O(A2TL) by Wood and Telle, 2007
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From Wikipedia, the free encyclopedia

In graph theory, the treewidth of an undirected graph is an integer numhber which specifies, informally, how far the graph is from being a tree. The smallest treewidth is 1; the graphs with treewidth 1 are exactly the trees and the
forests. An example of graphs with treewidth at most 2 are the series—parallel graphs. The maximal graphs with treewidth exactly k are called k-trees, and the graphs with treewidth at most k are called partial k-trees.[] Many
other well-studied graph families also have bounded treewidth.

Treewidth may be formally defined in several equivalent ways: in terms of the size of the largest vertex set in a tree decomposition of the graph, in terms of the size of the largest clique in a chordal completion of the graph, in
terms of the maximum order of a haven describing a strategy for a pursuit—evasion game on the graph, or in terms of the maximum order of a bramble, a collection of connected subgraphs that all touch each other.

Treewidth is commonly used as a parameter in the parameterized complexity analysis of graph algorithms. Many algorithms that are NP-hard for general graphs, become easier when the treewidth is bounded by a constant.

The concept of treewidth was originally introduced by Umberto Bertelé and Francesco Brioschi (1972) under the name of dimension. It was later rediscovered by Rudolf Halin (1976), based on properties that it shares with a
different graph parameter, the Hadwiger number. Later it was again rediscovered by Neil Robertson and Paul Seymour (1984) and has since been studied by many other authors.?

Definition (ea

Atree decomposition of a graph G = (V, E) is a tree T" in which each node is associated with a subset of vertices called a "hag”. (The term node is used to refer to a vertex of 1" to avoid
confusion with vertices of ). The bags X, ... X; must satisfy the following properties:[3]

1. Each graph vertex is contained in at least one bag: Ui X, =V

2. It bags X; and X; both contain a vertex v, then all bags X; associated with nodes in the (unique) path of 7" between X; and X; also contain v as well. Equivalently, the bags containing
vertex v are associated with a connected subtree of T".

3. For every edge (v, w) in the graph, there is at least one bag X; that contains both v and w. That is, vertices are adjacent in the graph only when their corresponding subtrees have a node
in common. (However, two vertices may belong to a bag without being adjacent to each other.)

) B

The width of a tree decomposition is the size of its largest bag X; minus one. The treewidth tW(G) of a graph @ is the minimum width among all possible tree decompositions of (7. In this ) W E
definition, the size of the largest set is diminished by one in order to make the treewidth of a tree equal to one. ;e f" l_,(j, \

D E) \" H/
Equivalently, the treewidth of (7 is one less than the size of the largest clique in the chordal graph containing (& with the smallest clique number. A chordal graph with this clique size may be Ag;r;ph with eight Vemce;'"ea
obtained by adding to GG an edge between every two vertices for which at least one bag contains both vertices. and a tree decomposition of it

onto a tree with six nodes.
Treewidth may also be characterized in terms of havens, functions describing an evasion strategy for a certain pursuit-evasion game defined on a graph. A graph G has treewidth k if and only if it Each graph edge connects
has a haven of order k -+ 1 but of no higher order, where a haven of order k + 1 is a function 3 that maps each set X of at most k vertices in G into one of the connected components of G\ X two vertices that are listed o )
and that ahevs the monatanicity nronertv that B(YY C A( X\ whenever X — V' jogeihegarsomejiieeinode; \allzmg Treewidth
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j GraphTrlals Framework [Forster et al., GD'24]

Algorithmic problem, related to crossing minimization in [Argyriou et al., JGAA'10)
. [Klawitter et al., GD'18]
metro maps, book drawings, ...
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Tree 1" where bags are subsets of V' s.t.

1. Every vertex is in a bag

2. For edge uwv, there is bag with u and v
3. Bags containing v € V' form subtree
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Tree 1" where bags are subsets of V' s.t.

1. Every vertex is in a bag

2. For edge uwv, there is bag with u and v
3. Bags containing v € V' form subtree

Edge-edge (e/e)

This talk:
Crossing minimization

Track-track (t/t) In linear drawings

Assumptions:
O(|V|) bags

Tree has maximum degree 3
TraCk_ed ge (t/e) [Bodlaender & Kiloks, J.Alg.’96]
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Caveat: Involves crossing minimization inside the bags = NP-hard

[Masuda et al., Symp. Circuits and Systems'87]
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Goal: Minimize X (t/t, t/e, e/e-crossings)
Caveat: Involves crossing minimization inside the bags = NP-hard

[Masuda et al., Symp. Circuits and Systems’87]

Theorem:

Deciding if a tree decomposition has a witness drawing with at most ¢
crossings i1s NP-hard.
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Goal: Minimize X (t/t, t/e, e/e-crossings)

Theorem:
Deciding if a tree decomposition has a witness drawing with at most c
crossings is NP-hard.

Theorem:
A crossing-minimal linear witness drawing of a tree decomposition
of width w can be computed in O(f(w) - |V]) time.
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Theorem:
Deciding if a tree decomposition has a witness drawing with at most c
crossings is NP-hard.

Theorem:
A crossing-minimal linear witness drawing of a tree decomposition
of width w can be computed in O(f(w) - |V]) time.

f(w) exponential in w = Heuristics!
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Heuristics for Linear Witness Drawings ac!l!

Building Block: Book drawing heuristic conGreedy+  ixewitter, vehedidze, & nolenburg, 6017)

—

—
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